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• General Stochastic Differential Equations

• Reverse – Time SDE

• Divergence of Matrix-valued Functions

• Itô’s Formula 

• Kolmogorov Backward Differential Equation

• Kolmogorov Forward Differential Equation

• The Probability Flow Ordinary Differential Equation 

Song et al. 2021. SCORE-BASED GENERATIVE MODELING THROUGH STOCHASTIC 
DIFFERENTIAL EQUATIONS

Discuss some unclear notation in the paper:



17. General Stochastic Differential Equations

17.1. Definition  

𝑑𝑿(𝑡) = 𝝁 𝑿(𝑡), 𝑡 𝑑𝑡 + 𝝈 𝑿 𝑡 , 𝒕 d 𝑾(𝑡)

𝑿 𝑡 =
𝑥1(𝑡)
⋮

𝑥𝑑(𝑡)
, 𝝁 𝑿(𝑡), 𝑡 =

𝜇1 𝑿 𝑡 , 𝑡

⋮
𝜇𝑑(𝑋 𝑡 , 𝑡)

𝝈 𝑿 𝑡 , 𝒕 =
𝜎𝟏𝟏 𝑿 𝑡 , 𝑡 ⋯ 𝜎1𝑑 𝑿 𝑡 , 𝑡

⋮ ⋮ ⋮
𝜎𝑑1 𝑿 𝑡 , 𝑡 ⋯ 𝜎𝑑𝑑 𝑿 𝑡 , 𝑡

=
𝜎1. 𝑿 𝑡 , 𝑡

⋮
𝜎𝑑. 𝑿 𝑡 , 𝑡

,𝑾 𝑡 =
𝑊1(𝑡)
⋮

𝑊𝑑(𝑡)

• Forward SDE



• Reverse – Time SDE

• Divergence of Matrix-valued Functions

𝐹 𝑥 =
𝑓11(𝑥) ⋯ 𝑓1𝑑(𝑥)

⋮ ⋮ ⋮
𝑓𝑑1(𝑥) ⋯ 𝑓𝑑𝑑(𝑥)

=
𝑓1.(𝑥)
⋮

𝑓𝑑.(𝑥)
, where 𝑓𝑖. 𝑥 = 𝑓𝑖1(𝑥) ⋯ 𝑓𝑖𝑑(𝑥)

∇ ∙ 𝑓𝑖. 𝑥 =
𝜕𝑓𝑖1 𝑥

𝜕𝑥1
+⋯+

𝜕𝑓𝑖𝑑(𝑥)

𝜕𝑥𝑑
∇ ∙ 𝐹 𝑥 =

∇ ∙ 𝑓1.(𝑥)
⋮

∇ ∙ 𝑓𝑑.(𝑥)



• Reverse – Time SDE

𝒅𝑿 = 𝝁 𝑿, 𝑡 − 𝛁 ∙ 𝝈 𝑿, 𝑡 𝝈 𝑿, 𝑡 𝑻 − 𝝈 𝑿, 𝑡 𝝈 𝑿, 𝑡 𝑻𝛻𝒙 log 𝑃(𝑿, 𝑡) 𝒅𝒕 + 𝝈 𝑿, 𝑡 𝑑𝑾(t)

where

𝝈 𝑿, 𝑡 𝝈 𝑿, 𝑡 𝑻 =
𝜎1. 𝑿 𝑡 , 𝑡 𝜎1. 𝑿 𝑡 , 𝑡 𝑇 ⋯ 𝜎1. 𝑿 𝑡 , 𝑡 𝜎𝑑. 𝑿 𝑡 , 𝑡 𝑇

⋮ ⋮ ⋮
𝜎𝑑. 𝑿 𝑡 , 𝑡 𝜎1. 𝑿 𝑡 , 𝑡 𝑇 ⋯ 𝜎𝑑. 𝑿 𝑡 , 𝑡 𝜎𝑑. 𝑿 𝑡 , 𝑡 𝑻

∇ ∙ 𝝈 𝑿, 𝑡 𝝈 𝑿, 𝑡 𝑻 =

෍
𝑗=1

𝒅 𝜕

𝜕𝑥𝑗
𝜎1. 𝑿 𝑡 , 𝑡 𝜎𝑗. 𝑿 𝑡 , 𝑡 𝑇

⋮

෍
𝑗=1𝑑

𝜕

𝜕𝑥𝑗
𝜎𝑑. 𝑿 𝑡 , 𝑡 𝜎𝑗. 𝑿 𝑡 , 𝑡 𝑇

Brian D O Anderson. Reverse-time diffusion equation models. Stochastic Process. Appl., 12(3): 
313–326, May 1982.

𝝈 𝑿, 𝒕 =
𝜎1. 𝑿 𝑡 , 𝑡

⋮
𝜎𝑑. 𝑿 𝑡 , 𝑡

𝜎(𝑋, 𝑡)𝑇 = 𝜎1. 𝑿 𝑡 , 𝑡 𝑇 ⋯ 𝜎𝑑. 𝑿 𝑡 , 𝑡 𝑻



• Example 1

Forward SDE

𝑑𝑥 = 𝜇 𝑥, 𝑡 𝑑𝑡 + 𝜎 𝑡 𝑑𝑤

Reverse – Time SDE

𝑑𝑥 = 𝜇 𝑥, 𝑡 − 𝜎 𝑡 2∇𝑥 log 𝑃(𝑥, 𝑡) 𝑑𝑡 + 𝜎 𝑡 𝑑ഥ𝑤

• Example 2

Forward SDE

𝑑𝑥 = 𝜇 𝑥, 𝑡 𝑑𝑡 + 𝜎 𝑥, 𝑡 𝑑𝑤

Reverse – Time SDE

𝑑𝑥 = 𝜇 𝑥, 𝑡 −
𝜕𝜎 𝑥, 𝑡 2

𝜕𝑥
− 𝜎 𝑥, 𝑡 2∇𝑥 log 𝑃(𝑥, 𝑡) 𝑑𝑡 + 𝜎 𝑥, 𝑡 𝑑ഥ𝑤



Ito's Lemma is a key component in the Ito Calculus, used to determine the 

derivative of a time-dependent function of a stochastic process. It performs the 

role of the chain rule and Taylor expansion in a stochastic setting, analogous to 

the chain rule in ordinary differential calculus. Ito's Lemma is a cornerstone of 

quantitative finance and it is intrinsic to the derivation of the Black-Scholes 

equation for contingent claims (options) pricing.

17.2. Itô’s Formula for High Dimensional Diffusion Process

• Purpose

Calculate the moments of diffusion process.



Itô’s Formula for High Dimensional Diffusion Process

• Let 𝑿 𝒕 ∈ 𝑅𝑑 , 𝝁 𝑿 𝒕 , 𝒕 ∈ 𝑅𝑑 , 𝝈 𝑿 𝒕 , 𝒕 ∈ 𝑹𝒅×𝒅,𝑾(𝒕) ∈ 𝑹𝒅

• High Dimensional Diffusion Model

𝒅𝑿 𝒕 = 𝝁 𝑿 𝒕 , 𝒕 dt + 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(𝒕)

Consider twice differentiable scalar function 𝑓 𝑡, 𝑿 . Define Hessian Matrix: 

• Itô’s Formula

𝐻𝑥𝑥𝑓 =

𝜕2𝑓

𝜕𝑥1
2 ⋯

𝜕2𝑓

𝜕𝑥1𝜕𝑥𝑑
⋮ ⋯ ⋮

𝜕2𝑓

𝜕𝑥𝑑𝜕𝑥1
⋯

𝜕2𝑓

𝜕𝑥𝑑
2

(1)



𝒅𝒇 𝒕, 𝑿𝒕 =
𝝏𝒇

𝝏𝒕
𝒅𝒕 + 𝜵𝒙𝒇

𝑻𝒅𝑿𝒕 +
𝟏

𝟐
𝒅𝑿𝒕

𝑻 𝑯𝒙𝒙𝒇 𝒅𝑿𝒕

=
𝝏𝒇

𝝏𝒕
+ 𝜵𝒙𝒇

𝑻𝝁 𝑿 𝒕 , 𝒕 +
𝟏

𝟐
𝑻𝒓 𝝈 𝑿 𝒕 , 𝒕 𝑻𝑯𝒙𝒙𝒇𝝈 𝑿 𝒕 , 𝒕 𝒅𝒕 + 𝜵𝒙𝒇

𝑻 𝝈 𝑿 𝒕 , 𝒕 𝐝𝑾𝒕

• Proof

Recall that 𝒅𝑾 ≈ 𝟎 and 𝒅𝑾 𝒅𝑾 𝑻 ≈ 𝑰 𝑑𝑡, 𝑑𝑡2 ≈ 0, 𝒅𝒕𝒅𝑾 ≈ 𝟎,

Using Taylor expansion, we obtain

𝑑𝑓 = 𝑓 𝑡 + 𝑑𝑡, 𝑿𝑡 + 𝑑𝑿𝑡 − f t, 𝑿𝑡 =
𝜕𝑓

𝜕𝑡
𝑑𝑡 + ∇𝑥𝑓

𝑇𝑑𝑿𝑡 +
1

2
𝑑𝑿𝑡

𝑇 𝐻𝑥𝑥𝑓 𝑑𝑿𝑡 (2)

Substituting equation (1) into equation (2) yields

𝑑𝑓 =
𝜕𝑓

𝜕𝑡
𝑑𝑡 + ∇𝑥𝑓

𝑇 𝝁 𝑿 𝒕 , 𝒕 dt + 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(𝒕)

1

2
𝝁 𝑿 𝒕 , 𝒕 dt + 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(𝒕) 𝑇 𝐻𝑥𝑥𝑓 𝝁 𝑿 𝒕 , 𝒕 dt + 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(𝒕)



=
𝜕𝑓

𝜕𝑡
𝑑𝑡 + ∇𝑥𝑓

𝑇 𝝁 𝑿 𝒕 , 𝒕 dt + 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(𝒕 ) +
1

2
𝝁 𝑿 𝒕 , 𝒕 𝑇 𝐻𝑥𝑥𝑓 𝝁 𝑿 𝒕 , 𝒕 𝑑𝑡 𝟐

+
1

2
𝑑𝑡𝝁 𝑿 𝒕 , 𝒕 𝑇 𝐻𝑥𝑥𝑓 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(𝒕) +

1

2
d 𝑾(𝒕 𝑇 𝝈 𝑿 𝒕 , 𝒕

𝑇
𝐻𝑥𝑥𝑓 𝝁 𝑿 𝒕 , 𝒕 𝑑𝑡

+
1

2
𝑇𝑟 d 𝑾(𝒕) 𝑇 𝝈 𝑿 𝒕 , 𝒕

𝑇
𝐻𝑥𝑥𝑓 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(𝒕 )

=
𝜕𝑓

𝜕𝑡
𝑑𝑡 + ∇𝑥𝑓 (𝑇𝝁 𝑿 𝒕 , 𝒕 dt + 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(t)) + 0 + 0 + 0 + 0

+
1

2
𝑇𝑟( 𝝈 𝑿 𝒕 , 𝒕

𝑇

𝐻𝑥𝑥𝑓 𝝈 𝑿 𝒕 , 𝒕 𝒅𝑾(𝒕) 𝒅𝑾 𝒕
𝑻
)

=
𝜕𝑓

𝜕𝑡
+ ∇𝑥𝑓

𝑇 𝝁 𝑿 𝒕 , 𝒕 +
1

2
𝑇𝑟( 𝝈 𝑿 𝒕 , 𝒕

𝑇
𝐻𝑥𝑥𝑓 𝝈 𝑿 𝒕 , 𝒕 ) dt + 𝜵𝒙𝒇

𝑻𝝈 𝑿 𝒕 , 𝒕 d 𝑾(t)

=
𝜕𝑓

𝜕𝑡
𝑑𝑡 + ∇𝑥𝑓

𝑇(𝝁 𝑿 𝒕 , 𝒕 dt + 𝝈 𝑿 𝒕 , 𝒕 d 𝑾 t ) + 0 + 0 + 0 + 0

+
1

2
𝑇𝑟( 𝝈 𝑿 𝒕 , 𝒕

𝑇
𝐻𝑥𝑥𝑓 𝝈 𝑿 𝒕 , 𝒕 dt

𝒅𝑾(𝒕) 𝒅𝑾 𝒕
𝑻
≈ 𝐼𝑑𝑡



A -functional Itô’s formula and its applications in mathematical finance, 

Stochastic Processes and their Applications Volume 148, June 2022, Pages 299-323

Mutation effect in identifying concerned variant is a function of mutation 
frequency and can be calculated using Ito’s formula.

Wright-Fisher models, mutation frequency is modeled as a diffusion process.

Karlin and Taylor (1981) A second Course in Stochastic Process



Solution to SDE is a Markov Process

𝑋 𝑡 − 𝑋 𝑠 = න
𝑠

𝑡

𝜇 𝑥 𝜏 , 𝜏 𝑑𝜏 + න
𝑠

𝑡

𝜎 𝑥 𝜏 , 𝜏 𝑑𝑊(𝜏)

• Solution to SDE (1) is given by

which can be calculated using only 𝑋 𝑢 , 𝑠 ≤ 𝑢 ≤ 𝑡, and do not 

require knowing 𝑋 𝑢 , 𝑢 ≤ 𝑠.



17.3. Kolmogorov Backward Differential Equation

• Definition of Function 𝒖 𝒕, 𝑿 and Derivation 

Define

𝑢(𝑡 𝑋), = 𝐸[𝑔 𝑿 𝑡 |𝑋 0 = 𝑋]

Using conditioning, we obtain

𝑢 𝑡 + ℎ, 𝑋 = 𝐸[𝑔 𝑿 ℎ + 𝑡 ) 𝑿 0 = 𝑋 = 𝐸[𝐸[𝐠(𝐗 t + h )|𝐗 h ] 𝐗 0 = X]

By Markov property and stationary assumption, we obtain

𝐸[𝑔 𝑿 ℎ + 𝑡 𝑿 ℎ = 𝑢(𝑡, 𝑿 ℎ )

(3)

(4)

(5)

(6)

Substituting equation (5) into equation (6) yields

𝑢 𝑡 + ℎ, 𝑋 = 𝐸[𝑢(𝑡, 𝑿 ℎ) |𝑿 0 = 𝑋] (7)

Let  ∆𝑿 = 𝑿 𝒉 − 𝑋

0 ℎ 𝑡 + ℎ

X(ℎ) 𝑋(𝑡 + ℎ)
𝑋 0 = 𝑥

𝒖(𝒕, 𝑿 𝒉 )

𝑢 𝑡 + ℎ, 𝒙



Since the probability of ∆𝑿 > 𝜺 is small, we can assume that ∆𝑿 is small.

Now by definition of derivative and using equations (3) and (7), we Have

𝑢 𝑡 + ℎ, 𝑋 − 𝑢 𝑡, 𝑋 = 𝐸[𝑢 𝑡, 𝑋 + ∆𝑿 − 𝑢(𝑡, 𝑋)|𝑿 0 = 𝑋] (8)

Using Taylor expansion, we have

𝑢 𝑡, 𝑋 + ∆𝑿 − 𝑢 𝑡, 𝑋 = ∇𝑥𝑢
𝑇∆𝑿 +

1

2
∆𝑿 𝑇

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
∆𝑿 (9)

= ∇𝑥𝑢
𝑇 𝝁 𝑿, 𝒕 𝒅𝒕 + 𝝈 𝑿 𝒕 , 𝒕 𝒅𝑾 +

1

2
μ 𝑋, 𝑡 𝑑𝑡 + 𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 𝑻

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
μ 𝑋, 𝑡 𝑑𝑡 + 𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 Substituting equation (1) into equation (9)

= ∇𝑥𝑢
𝑇μ 𝑋, 𝑡 𝑑𝑡+ ∇𝑥𝑢

𝑇𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 +
1

2
μ 𝑋, 𝑡 𝑑𝑡 𝑇 𝜕2𝒖

𝜕𝑥𝜕𝑥𝑇
μ 𝑋, 𝑡 𝑑𝑡

+2 ∗
1

2
μ 𝑋, 𝑡 𝑑𝑡

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 +

1

2
𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 𝑇

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 (10)

𝒙 + ∆𝑿 = 𝑿 𝒉



𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 𝑇
𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 = 𝑇𝑟 ( 𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 𝑇

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊)

Using trace property of matrix, we obtain

= 𝑇𝑟(
𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊 𝑇) (11)

Substituting equation (11) into equation (10) yields

𝑢 𝑡, 𝑋 + ∆𝑿 − 𝑢 𝑡, 𝑋 = ∇𝑥𝑢
𝑇μ 𝑋, 𝑡 𝑑𝑡+ ∇𝑥𝑢

𝑇𝜎 𝑋 𝑡 , 𝑡 𝑑𝑾+
1

2
μ 𝑋, 𝑡 𝑑𝑡 𝑇 𝜕2𝒖

𝜕𝑥𝜕𝑥𝑇
μ 𝑋, 𝑡 𝑑𝑡

+2 ∗
1

2
μ 𝑋, 𝑡 𝑑𝑡

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
𝜎 𝑋 𝑡 , 𝑡 𝑑𝑾+

1

2
𝑇𝑟(

𝜕2𝒖

𝜕𝑥𝜕𝑥𝑇
𝜎 𝑋 𝑡 , 𝑡 𝒅𝑾 𝒅𝑾 𝑇𝜎 𝑋 𝑡 , 𝑡 𝑇)

Taking expectations on both sides of above equation, we obtain

𝐸 𝑢 𝑡, 𝑋 + ∆𝑿 − 𝑢 𝑡, 𝑋 𝐗 0 = 𝑋 = ∇𝑥𝑢
𝑇μ 𝑋, 𝑡 𝑑𝑡 +

1

2
𝑇𝑟(𝜎 𝑋 𝑡 , 𝑡 𝜎 𝑋 𝑡 , 𝑡 𝑇

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
dt

Using equation (8) and above equation yields

𝑢 𝑡 + ℎ, 𝑋 − 𝑢 𝑡, 𝑋 = ∇𝑥𝑢
𝑇μ 𝑋, 𝑡 +

1

2
𝑇𝑟(𝜎 𝑋 𝑡 , 𝑡 𝜎 𝑋 𝑡 , 𝑡 𝑇

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
𝑑𝑡 (12)

Recall that 𝒅𝑾 ≈ 𝟎 and 𝒅𝑾 𝒅𝑾 𝑻 ≈ 𝑰 𝑑𝑡, 𝑑𝑡2 ≈ 0, 𝒅𝒕𝒅𝑾 ≈ 𝟎,



which implies that

lim
𝑑𝑡→0

𝑢 𝑡 + 𝑑𝑡, 𝒙 − 𝑢 𝑡, 𝒙

𝑑𝑡
= ∇𝑥𝑢

𝑇μ 𝑋, 𝑡 +
1

2
𝑇𝑟(𝜎 𝑋 𝑡 , 𝑡 𝜎 𝑋 𝑡 , 𝑡 𝑇

𝜕2𝑢

𝜕𝑥𝜕𝑥𝑇
,

or

𝝏𝒖

𝝏𝒕
= 𝝁 𝑿, 𝒕

𝑻
𝜵𝒙𝒖 +

𝟏

𝟐
𝑻𝒓(𝝈 𝑿 𝒕 , 𝒕 𝝈 𝑿 𝒕 , 𝒕 𝑻

𝝏𝟐𝒖

𝝏𝒙𝝏𝒙𝑻
(13)

Define 

𝑔 𝑍(𝑡) = ൜
1 𝑍 ≤ 𝑌
0 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Then, 𝑢 𝑡, 𝑋 = 𝑃(𝑡, 𝑋, 𝑌)

For one dimensional diffusion process, we have 

𝝏𝒖

𝝏𝒕
= 𝝁 𝑿, 𝒕

𝝏𝒖

𝝏𝒙
+
𝟏

𝟐
𝝈𝟐

𝝏𝟐𝒖

𝝏𝒙𝟐

(14)

𝒖(𝒕 𝑿) = 𝑬[𝒈 𝒁 𝒕 |𝑿 𝟎 = 𝑿]



Applying equation (13), we obtain Kolmogorov backward equation for 
transition probability 

𝜕𝑃(𝑡, 𝑋, 𝑌)

𝜕𝑡
= μ 𝑋, 𝑡

𝑇
∇𝑥𝑃(𝑡, 𝑋, 𝑌) +

1

2
𝑇𝑟(𝜎 𝑋 𝑡 , 𝑡 𝜎 𝑋 𝑡 , 𝑡 𝑇

𝜕2𝑃(𝑡, 𝑋, 𝑌)

𝜕𝑥𝜕𝑥𝑇

• High Dimensional Transitional Probability

• One Dimensional Transition Probability

𝜕𝑃(𝑡, 𝑥, 𝑦)

𝜕𝑡
= μ 𝑥, 𝑡

𝜕𝑃(𝑡, 𝑥, 𝑦)

𝜕𝑥
+
1

2
𝜎(𝑋, 𝑡)2

𝜕2𝑃(𝑡, 𝑥, 𝑦)

𝜕𝑥2

(15)

(16)

• High Dimensional Marginal Probability

𝜕𝑃(𝑡, 𝑋)

𝜕𝑡
= 𝜇 𝑋, 𝑡

𝑇
𝛻𝑥𝑃(𝑡, 𝑋) +

1

2
𝑇𝑟(𝜎 𝑋 𝑡 , 𝑡 𝜎 𝑋 𝑡 , 𝑡 𝑇

𝜕2𝑃(𝑡, 𝑋)

𝜕𝑥𝜕𝑥𝑇



Franco Flandoli

Numerical computation of probabilities for nonlinear SDEs in high dimension using 
Kolmogorov equation

Applied Mathematics and Computation  Volume 436, 1 January 2023, 127520



Kolmogorov Forward Differential Equation

• Pertinent variables are 𝒕 and 𝒚, the state variable 𝒚 a time 𝒕 rather initial value 𝒙.

y
𝜉

𝜉

𝑡 𝑠

Let  𝜑(𝑡, 𝑦) be arbitrary smooth function satisfying 

𝜑 𝑡 + 𝑠, 𝑦 = න𝜑 𝑡, 𝜉 𝑝 𝑠, 𝜉, 𝑦 𝑑𝜉 (17)

Differentiating  both dides of equation (17) yields

𝜕𝜑 𝑡 + 𝑠, 𝑦

𝜕𝑡
=
𝜕𝜑 𝑡 + 𝑠, 𝑦

𝜕𝑠
= න𝜑 𝑡, 𝜉

𝜕𝑝 𝑠, 𝜉, 𝑦

𝜕𝑠
𝑑𝜉 (18)

Substituting equation (15) into equation (18) yields 

𝜕𝜑 𝑡 + 𝑠, 𝑦

𝜕𝑡
= න𝜑 𝑡, 𝜉 μ 𝜉, 𝑠

𝑇
∇𝜉𝑃(𝑠, 𝝃, 𝒚) +

1

2
𝑇𝑟(𝜎 𝜉 𝑠 , 𝑠 𝜎 𝜉 𝑠 , 𝑠 𝑇

𝜕2𝑃(𝑠, 𝜉, 𝑦)

𝜕𝜉𝜕𝜉𝑇
𝑑𝜉

(19)



μ 𝜉, 𝑠
𝑇
∇𝜉𝑃 𝑠, 𝝃, 𝒚 =෍

𝑖=1

𝑑

𝜇𝑖(𝜉, 𝑠)
𝜕

𝜕𝜉𝑖
𝑃 𝑠, 𝝃, 𝒚

• Note that

(20)

𝜎 𝜉 𝑠 , 𝑠 𝜎 𝜉 𝑠 , 𝑠 𝑇 =
𝜎11(𝜉, 𝑠) ⋯ 𝜎1𝑑(𝜉, 𝑠)

⋮ ⋯ ⋮
𝜎𝑑1(𝜉, 𝑠) ⋯ 𝜎𝑑𝑑(𝜉, 𝑠)

𝜎11(𝜉, 𝑠) ⋯ 𝜎𝑑1(𝜉, 𝑠)
⋮ ⋮ ⋮

𝜎1𝑑(𝜉, 𝑠) ⋯ 𝜎𝑑𝑑(𝜉, 𝑠)

=

෍
𝑘=1

𝑑

𝜎11
2 (𝜉, 𝑠) ⋯ ෍

𝑘=1

𝑑

𝜎1𝑘(𝜉, 𝑠)𝜎𝑑𝑘(𝜉, 𝑠)

⋮ ⋮ ⋮

෍
𝑘=1

𝑑

𝜎𝑑𝑘(𝜉, 𝑠)𝜎1𝑘(𝜉, 𝑠) ⋯ ෍
𝑘=1

𝑑

𝜎𝑑𝑘
2 (𝜉, 𝑠)

𝑇𝑟(𝜎 𝜉 𝑠 , 𝑠 𝜎 𝜉 𝑠 , 𝑠 𝑇 𝜕2𝑃(𝒔,𝝃,𝒚)

𝜕𝜉𝜕𝜉𝑇
) = σ𝑗=1

𝑑 σ𝑖=1
𝑑 σ𝑘=1

𝑑 𝜎𝑗𝑘( 𝜉 𝑠 , 𝑠 𝜎𝑖𝑘( 𝜉 𝑠 , 𝑠
𝜕𝑃 𝑠,𝝃,𝒚

𝜕𝜉𝑖𝜕𝜉𝑗

(21)

(22)



• Substituting equations (20)-(22) into equation (19) yields

𝜕𝜑 𝑡 + 𝑠, 𝑦

𝜕𝑡
=෍

𝑖=1

𝑑

න[𝜑(𝑡, 𝜉)𝜇𝑖 𝜉, 𝑠 ]
𝜕

𝜕𝜉𝑖
𝑃 𝑠, 𝝃, 𝒚 d𝜉𝑖

+෍
𝑗=1

𝑑

෍
𝑖=1

𝑑

෍
𝑘=1

𝑑

න
1

2
𝜑(𝑡, 𝜉)𝜎𝑗𝑘(𝜉, 𝑠)𝜎𝑖𝑘(𝜉, 𝑠)

𝜕

𝜕𝜉𝑖𝜕𝜉𝑗
𝑃 𝑠, 𝝃, 𝒚 𝑑 𝜉𝑖d𝜉𝑗

Note that

,𝜑(𝑡׬ 𝜉) 𝜇𝑖 𝜉, 𝑠
𝜕

𝜕𝜉𝑖
𝑃 𝑠, 𝝃, 𝒚 d𝜉𝑖 = ห𝜑(𝑡, 𝜉)𝜇𝑖 𝜉, 𝑠 𝑷 𝒔, 𝝃, 𝒚 − 𝑃׬ 𝑠, 𝝃, 𝒚

𝜕

𝜕𝜉𝑖
𝜑(𝑡, 𝜉)𝜇𝑖 𝜉, 𝑠 𝑑𝜉𝑖

(23)

= −න𝑃 𝑠, 𝝃, 𝒚
𝜕

𝜕𝜉𝑖
𝜑(𝑡, 𝜉)𝜇𝑖 𝜉, 𝑠 𝑑𝜉𝑖

(24)

න
1

2
𝜑(𝑡, 𝜉)𝜎𝑗𝑘(𝜉, 𝑠)𝜎𝑖𝑘(𝜉, 𝑠)

𝜕

𝜕𝜉𝑖𝜕𝜉𝑗
𝑃 𝑠, 𝝃, 𝒚 𝑑𝜉𝑖d𝜉𝑗 = න𝑃 𝑠, 𝝃, 𝒚

𝜕

𝜕𝜉𝑖𝜕𝜉𝑗

1

2
𝜑(𝑡, 𝜉)𝜎𝑗𝑘(𝜉, 𝑠)𝜎𝑖𝑘(𝜉, 𝑠) 𝑑𝜉𝑖d𝜉𝑗

(25)

𝑃 𝑠,+∞, 𝑦 = 𝑃(𝑠, −∞, 𝑦) = 0

Integration by parts



Substituting equations (24) and (25) into equation (23) yields

𝜕𝜑 𝑡 + 𝑠, 𝑦

𝜕𝑡
= −෍

𝑖=1

𝑑

න𝑃 𝑠, 𝝃, 𝒚
𝜕

𝜕𝜉𝑖
𝜑(𝑡, 𝜉)𝜇𝑖 𝜉, 𝑠 𝑑𝜉𝑖

+෍
𝑗=1

𝑑

෍
𝑖=1

𝑑

෍
𝑘=1

𝑑

න𝑃 𝑠, 𝝃, 𝒚
𝜕

𝜕𝜉𝑖𝜕𝜉𝑗

1

2
𝜑(𝑡, 𝜉)𝜎𝑗𝑘(𝜉, 𝑠)𝜎𝑖𝑘(𝜉, 𝑠) 𝑑𝜉𝑖d𝜉𝑗 (26)

When 𝑠 → 0, we obtain 

𝑃 𝑠, 𝝃, 𝒚 → 𝑃 𝝃 = 𝒚 = 1,

׬ 𝑃 𝑠, 𝝃, 𝒚
𝜕

𝜕𝜉𝑖
𝜑(𝑡, 𝜉)𝜇𝑖 𝜉, 𝑠 𝑑𝜉𝑖 →

𝜕

𝜕𝑦𝑖
𝜑(𝑡, 𝒚)𝜇𝑖(𝒚) (27)

𝑃׬ 𝑠, 𝝃, 𝒚
𝜕

𝜕𝜉𝑖𝜕𝜉𝑗

1

2
𝜑(𝑡, 𝜉)𝜎𝑗𝑘(𝜉, 𝑠)𝜎𝑖𝑘(𝜉, 𝑠) 𝑑𝜉𝑖d𝜉𝑗 →

𝜕

𝜕𝑦𝑖𝜕𝑦𝑗

1

2
𝜑(𝑡, 𝒚)𝜎𝑗𝑘(𝒚)𝜎𝑖𝑘(𝒚)

(28)

𝝁𝒊 𝝃, 𝟎 = 𝝁𝒊(𝒚)



Substituting equations (27) and (28)  into equation (26) yields

𝜕𝜑 𝑡,𝑦

𝜕𝑡
= −σ𝑖=1

𝑑 𝜕

𝜕𝑦𝑖
𝜑(𝑡, 𝒚)𝜇𝑖(𝒚) + σ𝑗=1

𝑑 σ𝑖=1
𝑑 σ𝑘=1

𝑑 𝜕

𝜕𝑦𝑖𝜕𝑦𝑗

1

2
𝜑(𝑡, 𝒚)𝜎𝑗𝑘(𝒚)𝜎𝑖𝑘(𝒚)

(29)

Substituting 𝜑 𝑡, 𝒚 = 𝑝 𝑡, 𝒙, 𝒚 into equation (29), we obtain

𝜕𝑝 𝑡,𝒙,𝒚

𝜕𝑡
= −σ𝑖=1

𝑑 𝜕

𝜕𝑦𝑖
𝑝 𝑡, 𝒙, 𝒚 𝜇𝑖(𝒚) + σ𝑗=1

𝑑 σ𝑖=1
𝑑 σ𝑘=1

𝑑 𝜕

𝜕𝑦𝑖𝜕𝑦𝑗

1

2
𝑝 𝑡, 𝒙, 𝒚 𝜎𝑗𝑘(𝒚)𝜎𝑖𝑘(𝒚)

(30)
When 𝑑 = 1, equation (30) is reduced to  

𝜕𝑝 𝑡, 𝑥, 𝑦

𝜕𝑡
= −

𝜕

𝜕𝑦
𝑝 𝑡, 𝑥, 𝑦 𝜇 𝑦 +

1

2

𝜕2

𝜕𝑦2
𝑝 𝑡, 𝑥, 𝑦 𝜎2(𝑦) (31)



𝜕𝑝 𝑡, 𝒙

𝜕𝑡
= −෍

𝑖=1

𝑑 𝜕

𝜕𝑥𝑖
𝑝 𝑡, 𝒙 𝜇𝑖(𝑥) +෍

𝑗=1

𝑑

෍
𝑖=1

𝑑

෍
𝑘=1

𝑑 𝜕

𝜕𝑥𝑖𝜕𝑥𝑗

1

2
𝑝 𝑡, 𝒙 𝜎𝑗𝑘(𝑥)𝜎𝑖𝑘(𝑥)

Marginal Kolmogorov Forward Equations

Let 

𝑑𝑋 = 𝜇 𝑋, 𝑡 𝑑𝑡 + 𝜎 𝑋, 𝑡 𝑑𝑊, 𝜎 𝑋, 𝑡 = 0

Then, 

𝝏𝒑 𝒕, 𝒙

𝝏𝒕
= −෍

𝒊=𝟏

𝒅 𝝏

𝝏𝒙𝒊
𝒑 𝒕, 𝒙 𝝁𝒊(𝒙)

(A1)

(A2)

𝒅𝑿 = 𝝁 𝑿, 𝒕 𝒅𝒕
(A3)



18. The Probability Flow Ordinary Differential Equation (ODE)

18.1. Definition

The probability flow ODE is defined as 

𝑑𝑋

𝑑𝑡
= 𝜇 𝑋, 𝑡 −

1

2
∇ ∙ 𝜎 𝑋, 𝑡 𝜎 𝑋, 𝑡 𝑇 −

1

2
𝜎 𝑋, 𝑡 𝜎 𝑋, 𝑡 𝑇∇𝑥 log 𝑃(𝑋, 𝑡)

18.2. Derivation

𝜕𝑝 𝑡,𝑋

𝜕𝑡
= −σ𝑖=1

𝑑 𝜕

𝜕𝑥𝑖
𝑝 𝑡, 𝑋 𝜇𝑖(𝑡, 𝑋) + σ𝑗=1

𝑑 σ𝑖=1
𝑑 σ𝑘=1

𝑑 𝜕

𝜕𝑥𝑖𝜕𝑥𝑗

1

2
𝑝 𝑡, 𝑋 𝜎𝑗𝑘(𝑋, 𝑡)𝜎𝑖𝑘(𝑋, 𝑡) ,

Recall that Kolmogorov’s forward equation (Fokker-Planck equation) for marginal density 
function of the process 𝑋(𝑡) defined in equation (1) is given by 

(32)

(33)



which can be rewritten as

𝜕𝑝 𝑋, 𝑡

𝜕𝑡
= −෍

𝑖=1

𝑑 𝜕

𝜕𝑥𝑖
𝑝 𝑋, 𝑡 𝜇𝑖(𝑋, 𝑡) +

1

2
෍

𝑖=1

𝑑 𝜕

𝜕𝑥𝑖
[෍

𝑗=1

𝑑 𝜕

𝜕𝑥𝑗
[෍

𝑘=1

𝑑

𝑝 𝑋, 𝑡 𝜎𝑗𝑘(𝑋, 𝑡)𝜎𝑖𝑘(𝑋, 𝑡)]]

(34)Using formula for derivative of product, we obtain

෍
𝑗=1

𝑑 𝜕

𝜕𝑥𝑗
[෍

𝑘=1

𝑑

𝑝 𝑋, 𝑡 𝜎𝑗𝑘(𝑋, 𝑡)𝜎𝑖𝑘(𝑋, 𝑡)]

=෍
𝑗=1

𝑑 𝜕

𝜕𝑥𝑗
[෍

𝑘=1

𝑑

𝜎𝑖𝑘(𝑋, 𝑡)𝜎𝑗𝑘(𝑋, 𝑡)]𝑃(𝑋, 𝑡) +෍
𝑗=1

𝑑

෍
𝑘=1

𝑑

𝜎𝑖𝑘 𝑋, 𝑡 𝜎𝑗𝑘 𝑋, 𝑡
𝜕

𝜕𝑥𝑗
𝑃(𝑋, 𝑡)

(35)Using formula for divergence of matrix valued function, we obtain

∇ ∙ 𝜎 𝑋, 𝑡 𝜎 𝑋, 𝑡 𝑇 =

෍
𝑗=1

𝑑 𝜕

𝜕𝑥𝑗
[෍

𝑘=1

𝑑

𝜎1𝑘(𝑋, 𝑡)𝜎𝑗𝑘(𝑋, 𝑡)]

⋮

෍
𝑗=1

𝑑 𝜕

𝜕𝑥𝑗
[෍

𝑘=1

𝑑

𝜎𝑑𝑘(𝑋, 𝑡)𝜎𝑗𝑘(𝑋, 𝑡)]

(36)



෍
𝑗=1

𝑑

෍
𝑘=1

𝑑

𝜎𝑖𝑘 𝑋, 𝑡 𝜎𝑗𝑘 𝑋, 𝑡
𝜕

𝜕𝑥𝑗
𝑃 𝑋, 𝑡 = ෍

𝑘=1

𝑑

𝜎𝑖𝑘𝜎1𝑘 ⋯ ෍
𝑘=1

𝑑

𝜎𝑖𝑘𝜎𝑑𝑘

𝜕𝑃(𝑋, 𝑡)

𝜕𝑥1
⋮

𝜕𝑃(𝑋. 𝑡)

𝜕𝑥𝑑
= 𝑃(𝑋, 𝑡) 𝜎(𝑋, 𝑡)𝜎(𝑋, 𝑡)𝑇

𝑖
∇𝑥 log 𝑃(𝑋, 𝑡) (37)

Substituting equations (36) and (37) yields

෍
𝑗=1

𝑑 𝜕

𝜕𝑥𝑗
[෍

𝑘=1

𝑑

𝑝 𝑋, 𝑡 𝜎𝑗𝑘(𝑋, 𝑡)𝜎𝑖𝑘(𝑋, 𝑡)] =

𝑃 𝑋, 𝑡 ∇ ∙ 𝜎 𝑋, 𝑡 𝜎 𝑋, 𝑡 𝑇
𝑖
+ 𝑃(𝑋, 𝑡) 𝜎(𝑋, 𝑡)𝜎(𝑋, 𝑡)𝑇

𝑖
∇𝑥 log 𝑃(𝑋, 𝑡) (38)

Substituting equation (38) into equation  (34), we obtain

𝜕𝑝 𝑋,𝑡

𝜕𝑡
= −σ𝑖=1

𝑑 𝜕

𝜕𝑥𝑖
{𝑃(𝑋, 𝑡)[𝜇𝑖 𝑋, 𝑡 −

1

2
∇ ∙ 𝜎 𝑋, 𝑡 𝜎 𝑋, 𝑡 𝑇

𝑖
−

1

2
𝜎(𝑋, 𝑡)𝜎(𝑋, 𝑡)𝑇

𝑖
∇𝑥 log 𝑃(𝑋, 𝑡)]}

(39)

𝑷(𝑿, 𝒕)𝜵𝒙 𝐥𝐨𝐠𝑷 𝑿, 𝒕 = 𝑷 𝑿, 𝒕
𝟏

𝑷 𝑿, 𝒕
𝜵𝒙𝑷 𝑿, 𝒕 = 𝜵𝒙𝑷 𝑿, 𝒕



Let 

෥𝝁𝒊 𝑿, 𝒕 = 𝝁𝒊 𝑿, 𝒕 −
𝟏

𝟐
𝜵 ∙ 𝝈 𝑿, 𝒕 𝝈 𝑿, 𝒕 𝑻

𝒊
−
𝟏

𝟐
𝝈(𝑿, 𝒕)𝝈(𝑿, 𝒕)𝑻

𝒊
𝜵𝒙 𝒍𝒐𝒈𝑷(𝑿, 𝒕)

(40)

෤𝜇 𝑋, 𝑡 =
෤𝜇1(𝑋, 𝑡)

⋮
෤𝜇𝑑(𝑋, 𝑡)

= 𝜇 𝑋, 𝑡 −
1

2
∇ ∙ 𝜎 𝑋, 𝑡 𝜎 𝑋, 𝑡 𝑇 −

1

2
𝜎 𝑋, 𝑡 𝜎 𝑋, 𝑡 𝑇∇𝑥 log 𝑃(𝑋, 𝑡) ,

G X, t = 0

Define SDE as 

𝑑𝑋 = ෤𝜇 𝑋, 𝑡 𝑑𝑡 + 𝐺 𝑋, 𝑡 𝑑𝑊

Then the marginal probability corresponding to SDE (40) satisfies equation (39). 

Equation (40) is essentially ODE:

𝑑𝑋 = ෤𝜇 𝑋, 𝑡 𝑑𝑡,

which is the same se equation (32). 



Graph-based Multi-ODE Neural Networks for SpatioTemporal Traffic Forecasting

Probability flow solution of the Fokker-Planck equation

Han Huang et al. 2023,  

Conditional Diffusion Based on Discrete Graph Structures for Molecular Graph Generation

Lu, C. et al. 2022, 
DPM-Solver: A Fast ODE Solver for Diffusion Probabilistic Model Sampling in Around 10 Steps



Every SDE has an associated probability flow ODE, which yields deterministic 
processes that sample from the same distribution as the SDE at each timestep. This 
establishes an equivalence to neural ODEs, allowing sampling via ODE solvers and 
exact computation of log-likelihoods.
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