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1.6. Generative Model through Stochastic Differential 

Equation (SDE)

Song et al. 2021. SCORE-BASED GENERATIVE MODELING THROUGH STOCHASTIC DIFFERENTIAL EQUATIONS



1.6.1. Basics of SDE

• Browning Motion (Wiener Process) 

Browning motion  is a regular diffusion process on the interval −∞,+∞
with 𝜇 𝑥 = 0, 𝜎2 𝑥 = 𝜎2 , constant for all 𝑥

• W 0 = 0

• W 𝑡 −𝑊(𝑠)~𝑁(0, 𝑡 − 𝑠)

• 𝑉𝑎𝑟 ∆𝑊(𝑡) = ∆𝑡

∆W(t) = W t + ∆𝑡 −𝑊(𝑡)



• Three Types of Integrals

• Riemann-Stieltjes Integral

න
𝑎

𝑏

𝑋 𝑡 𝑑𝑔 𝑡 =෍
𝑘=1

𝑛

𝑋(𝑢𝑘) 𝑔 𝑡𝑘 − 𝑔(𝑡𝑘−1)

𝑎 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑛 = 𝑏
𝑡𝑘−1 ≤ 𝑢𝑘 ≤ 𝑡𝑘



• Orthogonal Increment

𝐸 𝑋 𝑡 = 0

𝑎 ≤ 𝑡1 < 𝑡2 ≤ 𝑡3 < 𝑡4 ≤ 𝑏

𝐸 (𝑋 𝑡2 − 𝑋 𝑡1 )(𝑋 𝑡4 − 𝑋 𝑡3 ) = 0

𝑋 𝑎 = 0

𝐹 𝑠 = 𝐸 𝑋 𝑠 𝑋(𝑠) = 𝐸 |𝑋 𝑠 |2

Γ 𝑠, 𝑡 = 𝐸 𝑋(𝑠)𝑋(𝑡)

= 𝐸 𝑋(𝑠)(𝑋 𝑠 + 𝑋 𝑡 − 𝑋(𝑠)

= 𝐸 𝑋 𝑠 𝑋 𝑠 ] = 𝐹 𝑠 = 𝐹(min 𝑠, 𝑡 )

𝑠 < 𝑡

Inner Product



• Integral with Orthogonal Increment

(1)   𝑎 ≤ 𝑐 < 𝑑 ≤ 𝑏, f t = 𝒳[𝑐,𝑑)(t)

𝑎 𝑐 𝑑 𝑏

න
𝑎

𝑏

𝒳 𝑐,𝑑 (t)𝑑𝑋(𝑡) = 𝑋 𝑑 − 𝑋(𝑐)

(2) 𝑓 𝑡 = σ𝑖=1
𝑛 𝑘𝑖𝒳[𝑐𝑖,𝑑𝑖)

න
𝑎

𝑏

𝑓 𝑡 𝑑𝑋 𝑡 =෍
𝑖=1

𝑛

𝑘𝑖 𝑋 𝑑𝑖 − 𝑋(𝑐𝑖)

(3)

𝐸 න
𝑎

𝑏

𝑓1 𝑡 𝑑𝑋(𝑡)න
𝑎

𝑏

𝑓2 𝑡 𝑑𝑋(𝑡) = න
𝑎

𝑏

𝑓1 𝑡 𝑓2 𝑡 𝑑𝐹(𝑡)



• 𝑰𝒕ෝ𝒐 𝐈𝐧𝐭𝐞𝐠𝐫𝐚𝐥

𝑎 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑛 = 𝑏

∆𝑛= max
1≤𝑘≤𝑛

𝑡𝑘 − 𝑡𝑘−1

𝐼𝑛 =෍
𝑘=1

𝑛

𝑋(𝑡𝑘−1) 𝑊 𝑡𝑘 −𝑊(𝑡𝑘−1)

න
𝑎

𝑏

𝑋 𝑡 𝑑𝑊 𝑡 = lim
∆𝑛→0

𝐼𝑛

𝑾 𝒕𝒌 −𝑾(𝒕𝒌−𝟏)

𝑿(𝒕𝒌−𝟏)

𝑡𝑘−1 𝑡𝑘

න
𝑎

𝑏

𝑊 𝑡 𝑑𝑊 𝑡 =
1

2
𝑊2 𝑏 −𝑊2(𝑎) −

1

2
(𝑏 − 𝑎)



1.6.2. Concept of SDE

• Drift and Diffusion Coefficient

𝑋 𝑡 + ∆𝑡 − 𝑋 𝑡 ≈ 𝜇 𝑥, 𝑡 ∆𝑡 + 𝜎(𝑥, 𝑡)∆𝑊(𝑡) (1)

lim
∆𝑡↓0

𝐸 ∆𝑋

∆𝑡
= lim

∆𝑡↓0

1

∆𝑡
𝐸 𝜇 𝑥, 𝑡 ∆𝑡 + 𝜎(𝑥, 𝑡)∆𝑊(𝑡) = 𝜇 𝑥, 𝑡 (2)

lim
∆𝑡↓0

1

∆𝑡
𝐸 ∆𝑋 2 = lim

∆𝑡↓0

1

∆𝑡
𝑉𝑎𝑟 ∆𝑋 + 𝐸 ∆𝑋 2

= lim
∆𝑡↓0

1

∆𝑡
𝑉𝑎𝑟 𝜎(𝑥, 𝑡)∆𝑊(𝑡) + lim

∆𝑡↓0

1

∆𝑡
𝜇 𝑥, 𝑡 ∆𝑡 2

= lim
∆𝑡↓0

1

∆𝑡
𝜎2(𝑥, 𝑡)∆𝑡= 𝜎2(𝑥, 𝑡) (3)



• Summation of Diffusion

Let  0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑛 = 𝑡

𝑋𝑘+1 − 𝑋𝑘 = 𝜇 𝑡𝑘 , 𝑋𝑘 ∆𝑡𝑘 + 𝜎(𝑡𝑘 , 𝑋𝑘)∆𝑊𝑘 𝑋𝑘 = 𝑋(𝑡𝑘)

Therefore,  summarizing increment in the whole region, we obtain

𝑋𝑘 = 𝑋0 +෍
𝑘=1

𝑛

𝜇 𝑡𝑘−1, 𝑋𝑘−1 ∆𝑡𝑘 +෍
𝑘=1

𝑛

𝜎(𝑡𝑘−1, 𝑋𝑘−1)∆𝑊𝑘

= 𝑋0 +න
0

𝑡

𝜇 𝑠, 𝑋𝑠 𝑑𝑠 + න
0

𝑡

𝜎 𝑠, 𝑋𝑠 𝑑𝑊𝑠 (4)



• One dimensional SDE

𝑑𝑋 𝑡 = 𝜇 𝑋 𝑡 , 𝑡 𝑑𝑡 + 𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊(𝑡) (5)

Drift Diffusion coefficient

• M-dimensional SDE

𝑿 𝒕 ∈ 𝑅𝑚, 𝝁 𝑿 𝒕 , 𝒕 ∈ 𝑅𝑚, 𝝈 𝑿 𝒕 , 𝒕 ∈ 𝑹𝒎×𝒎,𝑾(𝒕) ∈ 𝑹𝒎

𝒅𝑿 𝒕 = 𝝁 𝑿 𝒕 , 𝒕 dt + 𝝈 𝑿 𝒕 , 𝒕 d 𝑾(𝒕)

Example

𝑑𝑥1(𝑡)
𝑑𝑥2(𝑡)

=
𝜇1(𝑿 𝑡 , 𝑡)

𝜇2(𝑿 𝑡 , 𝑡)
dt +

𝜎11(𝑿 𝑡 , 𝑡) 𝜎12(𝑿 𝑡 , 𝑡)

𝜎21(𝑿 𝑡 , 𝑡) 𝜎22(𝑿 𝑡 , 𝑡)

𝑑𝑊1(𝑡)
𝑑𝑊2(𝑡)



1.6.3. Transformation Law for the Ito Stochastic Differential

• Taylor Expansion

Define 𝑌 𝑡 = 𝑓 𝑋 𝑡 , 𝑡 .

𝑑𝑌 𝑡 = 𝑑𝑓 𝑋 𝑡 , 𝑡 = 𝑓𝑥 𝑋 𝑡 , 𝑡 𝑑𝑋 𝑡 + 𝑓𝑡 𝑋 𝑡 , 𝑡 𝑑𝑡

+
1

2
𝑓𝑥𝑥 𝑋 𝑡 , 𝑡 𝑑𝑋 𝑡 2 + 𝑓𝑥,𝑡 𝑋 𝑡 , 𝑡 𝑑𝑋𝑑𝑡 +

1

2
𝑓𝑡𝑡(𝑋 𝑡 , 𝑡) 𝑑𝑡 2 (6)

Substituting equation (5) into equation (6) and applying 𝑑𝑊(𝑡) 2 ≈ 𝑑𝑡 yields

𝑑𝑌 𝑡 = 𝑓𝑥 𝑋 𝑡 , 𝑡 𝜇 𝑋 𝑡 , 𝑡 + 𝑓𝑡 𝑋 𝑡 , 𝑡 +
1

2
𝑓𝑥𝑥 𝑋 𝑡 , 𝑡 𝜎2(𝑋 𝑡 , 𝑡) dt

+𝑓𝑥 𝑋 𝑡 , 𝑡 𝜎 𝑋 𝑡 , 𝑡 𝑑𝑊(𝑡) (7)



1.6.4. Diffusion Models as SDEs

• Forward SDE

𝑑𝑋 𝑡 = 𝜇 𝑋, 𝑡 𝑑𝑡 + 𝜎 𝑡 𝑑𝑊 (8)

• Reverse-Time SDE

𝑑𝑋 𝑡 = 𝜇 𝑋, 𝑡 − 𝜎2(𝑡)∇𝑥 log 𝑃(𝑋, 𝑡) 𝑑𝑡 + 𝜎 𝑡 𝑑𝑊 (9)





All we need to learn to formulate the reverse process is the term 

𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿𝒕; 𝒕)

• Learn Score 

We want to learn a neural network –based parametrized function 𝑆 𝑋; 𝜃
that predict 𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿𝒕; 𝒕). To achieve this goal, we minimize 

ℒ𝑡 𝜃 = 𝐸𝑃(𝑋𝑡,𝑡) 𝑆 𝑋𝑡 , 𝑡; 𝜃 − 𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿𝒕; 𝒕)
2

= 𝐸𝑃(𝑋𝑡,𝑡) 𝑆 𝑋𝑡 , 𝑡; 𝜃
2 − 2𝑆 𝑋𝑡 , 𝑡; 𝜃

𝑇𝜵𝒙 𝐥𝐨𝐠𝑷 𝑿𝒕; 𝒕 + 𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿𝒕; 𝒕)
𝟐

The third term does not involve 𝜃 and hence can be ignored.

≈ 𝐸𝑃(𝑋𝑡,𝑡) 𝑆 𝑋𝑡 , 𝑡; 𝜃
2 − 2𝐸𝑃(𝑋𝑡,𝑡) 𝑆 𝑋𝑡 , 𝑡; 𝜃

𝑇𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿𝒕; 𝒕) (10)



Next we calculate 𝐸𝑃(𝑋𝑡,𝑡) 𝑆 𝑋𝑡 , 𝑡; 𝜃
𝑇𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿𝒕; 𝒕)

𝐸𝑃(𝑋𝑡,𝑡) 𝑆 𝑋𝑡 , 𝑡; 𝜃
𝑇𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿𝒕; 𝒕) = න𝑃(𝑋𝑡 , 𝑡) 𝑆 𝑋𝑡 , 𝑡; 𝜃

𝑇𝜵𝒙 𝐥𝐨𝐠𝑷 𝑿𝒕; 𝒕 𝒅𝑿𝒕

= නන𝑃 𝑋0, 0 𝑃(𝑋𝑡 , 𝑡|𝑋0) 𝑆 𝑋𝑡 , 𝑡; 𝜃
𝑇 𝜵𝒙 𝐥𝐨𝐠𝑷 𝑿𝟎, 𝟎 𝑷(𝑿𝒕, 𝒕|𝑿𝟎)𝒅𝑿𝒕𝒅𝑿𝟎

= න𝑃 𝑋0, 0 𝑃(𝑋𝑡 , 𝑡|𝑋0) 𝑆 𝑋𝑡 , 𝑡; 𝜃
𝑇∇𝑥 log 𝑷(𝑿𝒕, 𝒕|𝑿𝟎)𝒅𝑿𝒕𝒅𝑿𝟎

= 𝐸𝑃(𝑥0;0)𝐸𝑃(𝑋𝑡;𝑡|𝑋0,0)[𝑆 𝑋𝑡 , 𝑡; 𝜃
𝑇∇𝑥 log𝑷(𝑿𝒕, 𝒕|𝑿𝟎) ] (!1)

Dabral, 2021, Stochastic Differential Equations and Diffusion Models

= 𝜵𝒙 𝐥𝐨𝐠𝑷 𝑿𝟎, 𝟎 + 𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿𝒕, 𝒕|𝑿𝟎)
= 𝟎



Substituting equation (11) into equation (10), we obtain

ℒ𝑡 𝜃 = 𝐸𝑃(𝑥0;0)𝐸𝑃(𝑋𝑡;𝑡|𝑋0,0) 𝑆 𝑋𝑡 , 𝑡; 𝜃
2 − 2𝑆 𝑋𝑡 , 𝑡; 𝜃

𝑇∇𝑥 log 𝑷(𝑿𝒕, 𝒕|𝑿𝟎) (12)

Since ∇𝑥 log𝑷(𝑿𝒕, 𝒕|𝑿𝟎) does not involve 𝜃, adding

𝐸𝑃(𝑥0;0)𝐸𝑃(𝑋𝑡;𝑡|𝑋0,0) ∇𝑥 log 𝑷(𝑿𝒕, 𝒕|𝑿𝟎)
2

will not affect estimation of parameters in ℒ𝑡 𝜃

Therefore, adding 𝐸𝑃(𝑥0;0)𝐸𝑃(𝑋𝑡;𝑡|𝑋0,0) ∇𝑥 log𝑷(𝑿𝒕, 𝒕|𝑿𝟎)
2

in equation (12) yields

ℒ𝑡 𝜃 = 𝐸𝑃(𝑥0;0)𝐸𝑃(𝑋𝑡;𝑡|𝑋0,0) 𝑆 𝑋𝑡 , 𝑡; 𝜃 − ∇𝑥 log 𝑷(𝑿𝒕, 𝒕|𝑿𝟎)
2

(13)

Dabral, 2021, Stochastic Differential Equations and Diffusion Models



Using arguments in Dabral (2021), we can rewrite above integral as an expectation over a 
uniform distribution, and also add a positive weighting function 𝜆(𝑡) if we want to focus on 
certain time instants more than the others. This finally gets us to the loss function 
mentioned in (Song et al., 2020):

Dabral, 2021, Stochastic Differential Equations and Diffusion Models

ℒ 𝜃 = 𝐸𝑡~𝑈[0,𝑇]𝐸𝑃(𝑋0;0) 𝜆(𝑡) 𝑆 𝑋𝑡 , 𝑡; 𝜃 − ∇𝑥 log 𝑷(𝑿𝒕, 𝒕|𝑿𝟎)
2

(14)

• Methods for Calculating Score

log 𝑷(𝑿𝒕, 𝒕|𝑿𝟎) = 𝑵(𝒙𝒕; ഥ𝜶𝒕𝒙𝟎, 𝟏 − ഥ𝜶𝒕 𝑰)

Denoising DDPM:

Sliced Score Matching

𝜃∗ = argmin
𝜃

𝐸𝑡 𝜆 𝑡 𝐸 𝑋0,0 𝐸𝑋 𝑡 𝐸𝑉~𝑃𝑉
1

2
𝑆 𝑋𝑡 , 𝑡; 𝜃 2

2 + 𝑉𝑇𝑆 𝑋𝑡 , 𝑡; 𝜃 𝑉 , 𝑃𝑉~𝑁(0, 𝐼)



DENOISING SCORE MATCHING WITH LANGEVIN DYNAMICS (SMLD)

• Example 1

Recursive formula for 𝑋𝑡

𝑋𝑡 = 𝑋𝑡−1 + 𝜎𝑡
2 − 𝜎𝑡−1

2 𝑍𝑡−1, 𝑍𝑡−1~𝑁(0, 𝐼)

∆𝑋𝑡 =
𝑑 𝜎𝑡

2

𝑑𝑡
𝑍𝑡−1∆t

Thus,

𝒅𝒙 =
𝒅 𝝈𝒕

𝟐

𝒅𝒕
𝒅𝑾 (15)



• Example 2 (DDPM)

𝑋𝑡 = 1 − 𝛽𝑡𝑋𝑡−1 + 𝛽𝑡𝑍𝑡−1

≈ 1 −
1

2
𝛽𝑡 𝑋𝑡−1 + 𝛽𝑡 𝑍𝑡−1

∆𝑋𝑡 = −
1

2
𝛽𝑡𝑋𝑡−1∆𝑡 + 𝛽𝑡 𝑍𝑡−1∆𝑡

Taylor Expansion

1 − 𝛽𝑡 ≈ 1 −
1

2
𝛽𝑡

which implies the following forward SDE 

𝒅𝑿 = −
𝟏

𝟐
𝜷𝒕𝑿𝒕−𝟏𝒅𝒕 + 𝜷𝒕𝒅𝑾

Reverse-Time SDE

𝒅𝑿 = −
𝟏

𝟐
𝜷𝒕𝑿𝒕−𝟏 − 𝜷𝒕𝜵𝒙 𝐥𝐨𝐠𝑷(𝑿, 𝒕) dt+ 𝜷𝒕𝒅𝑾



1.6.5. More General SDE

𝑑𝑋 𝑡 = 𝜇 𝑋, 𝑡 𝑑𝑡 + 𝜎 𝑋, 𝑡 𝑑𝑊

• Forward SDE

• Reverse-Time SDE

𝑑𝑋 𝑡 = 𝜇 𝑋, 𝑡 −
𝝏𝝈𝟐 𝒙, 𝒕

𝝏𝒙
− 𝜎2 𝑥, 𝑡 ∇𝑥 log 𝑃(𝑋, 𝑡) dt + 𝜎 𝑋, 𝑡 𝑑𝑊

• Forward SDE

𝑑𝑿 𝑡 = 𝝁 𝑿, 𝒕 𝑑𝑡 + σ 𝑡 𝒅𝑾

• Reverse-Time SDE

𝒅𝑿 𝒕 = 𝝁 𝑿, 𝒕 − 𝜎2(𝑡)∇𝑥 log 𝑃(𝑋, 𝑡) dt+ σ 𝑡 𝒅𝑾

𝑿 𝑡 , 𝝁 𝑿, 𝒕 ,𝑾(𝑡) ∈ 𝑅𝑑



𝑑𝑿 𝑡 = 𝝁 𝑿, 𝒕 𝑑𝑡 + σ 𝑥, 𝑡 𝒅𝑾

• Forward SDE

• Reverse-Time SDE

𝒅𝑿 𝒕 = 𝝁 𝑿, 𝒕 − ∇𝑥𝜎
2 𝑥, 𝑡 − 𝜎2 𝑥, 𝑡 ∇𝑥 log 𝑃(𝑋, 𝑡) dt + 𝜎 𝑋, 𝑡 𝒅𝑾


