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1.6. Generative Model through Stochastic Differential
Equation (SDE)

Forward SDE (data — noise)
@ dx = f(x,t)dt + g(t)dw )@
Z o o o core function . =
dx = [f(x,t) — g’ (t)&x log p; (xi] dt + g(t)dw @

Reverse SDE (noise — data)

Song et al. 2021. SCORE-BASED GENERATIVE MODELING THROUGH STOCHASTIC DIFFERENTIAL EQUATIONS



1.6.1. Basics of SDE

* Browning Motion (Wiener Process)

Browning motion is a regular diffusion process on the interval (—oo, +0)
with u(x) = 0,0%(x) = 0, constant for all x

« W(0)=0
« W(t) —W(s)~N(0,t —s)
 Var(AW(t)) = At

AW(t) = W(t + At) — W (t)




* Three Types of Integrals

* Riemann-Stieltjes Integral a=t,<t;<-<t,=D>b
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Orthogonal Increment
ElX(®)] =0

aSt1<t2St3<t4Sb

E[(X(t) = X)X (ty) — X(t3))] =0

X(a) =0
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* Integral with Orthogonal Increment
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» Ito Integral
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1.6.2. Concept of SDE
* Drift and Diffusion Coefficient

X(t+At) — X(t) = u(x, t)At + o(x, ) AW (t) (1)

im 2K lE[ (x, )AL + o (x, )AW (t)] = u(x, t) (2)
AL At AtloAp O ’ - B

1 1
lim = E|(AX)?]| = lim v {Var(aX) + (E[AX])?}

1 1
_ 1 : 2
= iltrlr(l) AL {Var(o(x,t) AW (1))} + iltlir(l) v (u(x, t)At)

— Tim L 52 _ ;2 (3)
iltrlr(l) vid (x,t)At=0“(x,t)



e Summation of Diffusion

let 0=ty <t; < <t,=t

Xiey1 — X = p(tr, Xi) Aty + o (&, Xp ) AW X = X(tx)

Therefore, summarizing increment in the whole region, we obtain

n n
Xi=Xo+ ) Wty XMk ) oty Xie) AW

t t
= Xo + J u(s, Xs)ds + f a(s, Xs)dWs (4)
0 0



* One dimensional SDE

dX(t) = u(X(t), t)dt + o(X(t), t)dW (t) (5)
1 T~
Drift Diffusion coefficient

* M-dimensional SDE
X(t) e R™, u(X(t),t) e R, o(X(t),t) € R™™ W(t) € R™
dX(t) = u(X(t),t) dt + o(X(t), t)d W(t)

Example

[dx1 (t)] [H1 (X(2), t)] [Un (X(t),t)  012(X(2), t)] [dW1 (t)
dx,(t) U (X(t),t) 021 (X(2),t) 022(X(1), )| | W2



1.6.3. Transformation Law for the Ito Stochastic Differential

e Taylor Expansion
Define Y(t) = f(X(¢t),t).

dy () = df (X (), t) = f(X(©), )dX(¢t) + f:(X(2), t)dt
+ %fxx X (), D[AX (D] + fie (X (©), )dXdt + %ftt(X (1), t)(dt)? (6)

Substituting equation (5) into equation (6) and applying [dW (t)]? =~ dt yields

1
dY (t) = [, (X(@), HuX (@), t) + fr(X (D), t)+§fxx(X(t),t)az(X(t), t)|dt

(X (), Do (X (D), )dW (t) (7)



1.6.4. Diffusion Models as SDEs

* Forward SDE
dx(t) = u(X,t)dt + o(t)dW (8)
e Reverse-Time SDE

dX(t) = [u(X,t) — a2(t)V, log P(X, t)|dt + o (t)dW (9)



(1) Farward SDE

J:{I:P:I ) Backward SDE J." T

Data Forward SDE Prior Reverse SDE Data

2(0) dz = f(z,t)dt + g(t)dw )@— dz = [f(z,t) - ¢°(t) V. logpi (x)] dt + g(t)dw




e Learn Score

All we need to learn to formulate the reverse process is the term
V,log P(X; t)

We want to learn a neural network —based parametrized function S(X;0)
that predict V. log P(X,; t). To achieve this goal, we minimize

L(0) = Epx, b [“S(Xt' t;0) — V,log P(Xy; t)”Z]

i 2
= Epxon) [IS(Xe, 5 OII% — 25Xy, £ )TV, log P(X; £) + ||V, log P(X,; 0)|| ]

~ Epx, by [IS(Xe, 5 OI2 — 2Ep(x, 1) |S(X;, t;0)TV . log P(X,; t)]] (10)

The third term does not involve 8 and hence can be ignored.



Next we calculate Ep(x, 1 |S(X;, £;0)TV, log P(X;; )]

Epx,0)|SXe, t;0)TV, log P(X ;5 t)| = j P(X., t)S(X,, t;0)TV, log P(X,; t)dX,

= f j P(X,, 0)P(X,, t|1Xo) S(X., t;0)T V, log P(Xy, 0)P(X,, t|Xo)dX,dX,

=V,logP(X,,0) + V,log P(X;, t|Xy)
=0
= f P(X,, 0)P(X,, t|1Xy) S(X,, ;0)TV, log P(X,, t|X)dX,dX,

= Ep(0;0) Ep(xest10,0) [SXe, £ 0) TV log P (X, £]X) ] (11)

Dabral, 2021, Stochastic Differential Equations and Diffusion Models



Substituting equation (11) into equation (10), we obtain

L:(0) = Ep(xy00Epx,tixg o) [ IS, 5 012 — 28 (X, 5007V, log P(X, t|Xo) | (12)

Since V. log P(X,, t|Xy) does not involve 8, adding
Ep(x,;0)EP(x,5t1X0,0) [“Vx log P(X,, t|Xy) ||2] will not affect estimation of parameters in L;(6)

Therefore, adding Ep(x,.0)Ep(x,;t|x,,0) [”Vx log P(X;, t|Xp) ||2] in equation (12) yields

L,(0) = Ep(x0;0)EP(x,5t1%,,0) [”S(Xt: t;0) — Vylog P(Xy, t|Xp) ”2] (13)

Dabral, 2021, Stochastic Differential Equations and Diffusion Models



Using arguments in Dabral (2021), we can rewrite above integral as an expectation over a
uniform distribution, and also add a positive weighting function A(t) if we want to focus on
certain time instants more than the others. This finally gets us to the loss function
mentioned in (Song et al., 2020):

£(8) = EreyorEp(xyo) [ADIISXe, t:0) — Vi log PX, t1X0) |7 (1)

 Methods for Calculating Score
Denoising DDPM:

log P(X;, t|1Xg) = N(xg; \/@exo, (1 —ay)l)
Sliced Score Matching

1
0" = arg;nin Ei |[AOE x,0)Ex)Ev~py [EI IS(Xe, ;015 + VIS(Xe, t;0)V |, Py~N(0,1)

Dabral, 2021, Stochastic Differential Equations and Diffusion Models



e Example 1
DENOISING SCORE MATCHING WITH LANGEVIN DYNAMICS (SMLD)

Recursive formula for X;

Xe =Xeq t :Zatz — 0f1Z1-1,Zs—1~N(0,1)

d|of]
AXt — Zt—lAt
\ dt
Thus,
dx = |4t gy (15)

dt



 Example 2 (DDPM)

X =1 —-BeXi1 + \/Eth
~ (1 - %:Bt) Xeq + \/Eth

Taylor Expansion

1
\/1_—131:z (1 _E'Bt)

1
AXt = EﬁtXt—lAt ~+ \/Ezt_lAt

which implies the following forward SDE

1
dX = — 2 B, X, 1dt + JBdw

Reverse-Time SDE

1
dX = (=3 BcX, 1 — BVxlog P(X,t))dt+ \/BdW



1.6.5. More General SDE

 Forward SDE
dX(t) = u(X,t)dt + o(X, t)dW

e Reverse-Time SDE

2
dX(t) = (,u(X, t) — aaa(j:' 2 —0%(x,t)V, log P(X, t)) dt + o(X, t)dW
 Forward SDE
dX(t) = u(X, t)dt + o(t)dW X(t),u(X, t), W(t) € R?

e Reverse-Time SDE

dX(t) = (u(X,t) — a2(t)V, log P(X, t))dt+ o(t)dW



 Forward SDE
dX(t) = u(X,t)dt + o(x, t)dW

e Reverse-Time SDE

dX(t) = (u(X,t) — V,02(x,t) — 6%(x,t)V, log P(X,t))dt + o (X, t)dW

Forward SDE (data — noise)
@ dx = f(x, t)dt + g(t)dw )@
| scoretumclion’ -
dx = [f(x, £) — g’[t{V,t logp,(x]] dt + g(t)dw @

Reverse SDE (noise — data)




