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Generative Al
Early Stage:
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Generative Adversarial Neural Network (GAN)
Normalizing Flow
Current Stage

Score Matching
Denoise Diffusion Probability Models

Stochastic Differential Equations (SDE)



The goal of generative modeling is to use the
dataset to learn a model for generating
new samples from P j,;,(X)

Sure enough, as the models get bigger
and bigger, they begin to deliver human-
level, and then superhuman results.

https://www.sequoiacap.com/article/generative-ai-a-creative-new-world/



The blessings of scale

Al training runs, estimated computing resources used
Floating-point operations, selected systems, by type, log scale
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But they often fall short in the real world.

Benchmarks
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The speed at which artificial intelligence models master benchmarks and surpass human baselines
is accelerating.
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The Generative Al Application Landscape
Marketing
(content)
Sales
(email) Code Image
generation generation
Support
(chat / email) Code Consumer/
documentation Social

Text to SQL Media/

APPLICATION

Web app Voice editing / 3D models/ Biology &
builders Synthesis generation scenes chemistry

TEXT CODE IMAGE SPEECH VIDEO 3D OTHER

OpenAl GPT-3 OpenAl GPT-3 OpenAl Dall-E 2 OpenAl Microsoft X-CLIP DreamFusion

Gopher Make-A-Video

Hugging Face
Bloom

Anthropic

Alibaba,
Yandex, etc.
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1.4. Generative Models

1.4.1. Introduction

« Analytic Al: analyze a set of data and
find patterns in it.

* Generative Al: Use existing content like
text, audio files, or images to create
new plausible content.

« The MIT Technology review described
generative Al as one of the most
promising advances in the world of Al
In the past decade

* Generative Al is well on the way to becoming
not just faster and cheaper, but better in
some cases than what humans create by hand
(SEQUOIA)

IBM developer blog. What is generative Al and how much power does it have



B A horse AMD = belion Flower Field T

MIT Al and ML

https://www.csail.mit.edu/

\

W 1 ¥ £ 4 ERURSEEREDIN

Vel Yaun Mathematical Sciences Center, Tsinghua University

Deep Generative Models

This course introduces how to develop deep generative
models (DGMs) by integrating probabilistic graphical models
and deep learning to generate realistic data including images,
texts, graphs, etc. Course contents include 1) basics of
probabilistic graphical models, including Bayesian network and
Markov random field; 2) posterior inference methods,
including message passing, variational inference, and Markov
chain Monte Carlo sampling; 3) parameter learning and
structure learning methods, including maximum likelihood
estimation, expectation—maximization algorithm, and
graphical LASSO; 4) deep generative models (DGMs), including
variational auto-encoder, generative adversarial networks,
normalizing flows, and evaluation of DGMs; 5) applications of
DGMs in image generation, text generation, and graph
generation.



1.4.2. Stages of Generative Models

e Basic ldeas:

Data —

« Early Stage

VAE

GAN

Estimation of Data
Distribution log Pj,:4(x)

Input

Sampling from Estimated
Data Distribution

Decoder

Generative
(lnput Noise)

Output

real or fake™?

Discriminative
Model
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Normalizing Flows

Goodfellow et al. 2014: Generative Adversarial Nets

Rezende 2016, Variational inference with normalizing flows.
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Xiong MM (2022) Artificial Intelligence and Causal Inference. CRC Press



1.4.2. Stages of Generative Models

« Current Stage

Score Matching
Denoise Diffusion Probability Models

Stochastic Differential Equations



1.4.3. Score Match
1.4.3.1. Optimal Score

* Let L(x,0) be a likelihood function. The score function is defined as

d log L(x,0
U (6) —_ g ( , ) Representation of Probability Distributions -
a 9 This talk: The gradient of a probability density w.r.t. the input dimensions
. . . . Vx log p(x)
Define Scores in Diffusion Models: (o) . (o)

 Consider i.i.d. samples {xy, ..., x,}, x; € R%.

» Unnormalized distribution for model:P,, (x, 8) —

* Normalized distribution for model: P, (x,0),B,, (x,0) = IS";EZ’)H).Z(O) = [ B, (x,0)a

« Scorefor Data: Sg4:4(x) =V, 108 Pg4:0(%)

» Score for Model: S,,(x,0) = V,logP,,(x,0) = V,logP,,(x,0)

Song et al. 2019, Sliced Score Matching: A Scalable Approach to Density and Score Estimation






1.4.3.2. Fisher Divergence and Score Matching

* Fisher Divergence between P ,4:4(x) and P,,,(x,0) :
1 2
L(H) = EEPdata (x) [”Sm(x’ 8) o Sdata(x)”z]

* Fisher divergence is equal to zero, if and only if two densities are equal.

Since we only have samples and do not have access to the score
function of the data S;,:4(x), we cannot compute the Fisher divergence.

« However, the Fisher divergence can be transformed to

J(8) = Epaatace [Tr(VxSm(x, 9)) + % ||Sm(x, 9)”2] , Tr denotes trace of matrix.,

0% P, (x,0) %P, (x,0)]
0xi 0x10Xy | Is the Hessian of the log-density
VS (x,0) = : : : function of model.
%P, (x,0) %P, (x,0)
- 0xy0xq dx§




Sampling Formula for Computing Fisher Divergence:
e J(0,xq, ..., Xy) == [TT(V S (x;, 9)) +—||Sm(xl,0)|| ]
Proof

L(Q) = %Epdata () [”Sm(x; 0) _ Sdata(x)”ﬂ

1
- EEPdata (x) [Sgata(x)sdata (x) + S%(x, H)Sm(x' 6) o 25,7;,(x, H)Sdata(x)]

Since the first term does not depend on the parameter 8, we only need to
consider the second and third terms in the above equation.

1
= B gata oo ST 0)Sm (x,0)] = Z Epgasa o Sm(%i,0)7

1 n 9108 Py ()
iEPdata (%) [2517;1(.76', H)Sdata(x)] — z ) j Pdata(x) Sm (xi: 0) ata\"*1
1=

axi
n 0P X;
LS [ty Panad
=1 Xi




=0

. | 39S, (x;,0)
— 2 Pdata(xi)sm(xi; 3)|O—Ooo _ j Pdata(xi) ma l d
i=1 Xi

n 0% log P, (x;,0)
= _z. 1Epdata(xi) 5
=

0x}

%P, (x,0)
= _EPdata(x) [TT(VxSm(x, 0))] (szm(x' 9) = dxdx! )

which implies Tr(A) = a;q + -+ ag

1 2
J©0) = E,,,.. [Tr(vxsm(x, ) + 315w 0)]

Xi




1.4.3.3. Score Estimation for Implicit Distribution
* Motivation

Previous score matching is used for parameter estimation in unnormalized
models. It can also be used to estimate scores of implicit distributions. They
have a tractable sampling process but without a tractable density. For example,
distribution g4 (x) of generated samples from the generator of a GAN Is an
Implicit distribution.

Sometimes, we need to estimate the score function S, (x) = V, log gg(x). For
example, optimizing the entropy H(qe(x)), we need to calculate score S, (x).

Let x~qg(x), x = gg(€),e~N(0,I), gg IS a deterministic function. Then,
-1

Qo (x) = Pg(£)|Vs(ge(e))]

VoH(qg) = —Vy {qu(x) [log g (X)]} = _VH{Ep(e) [log qo(ge (8))]}

= —Ep (e [Vx log CIe(x)‘ Vo 9o (5)]

x=gg(&)



Random Noise
€ ~ p(€)

Sample
z = g(e)

GAN Is an example of implicit models. It implicitly represents a distribution over all objects that can be produced by the
generator network.



1.4.3.4. Score Estimation

« V,.logqy(x) is intractable, but can be approximated by score function.

* Score function:h(x, 8): a neural network

+ L(0, Paata®)) = > Epuo |12, 0) = 7, Tog g (0)||2]

L(0,Pi4ta(x)) =0 & h(x,0) =V, logqy(x)



1.4.3.5. Sliced Score Matching
* Motivation

To avoid difficulty in computing the trace of the Hessian of a log-density
function V2 log P,,, Consider projecting score functions S;(x) and S,,,(x, 8)
On to some random direction v and compare their average difference
along that random direction

* Objective Function for Sliced Score Matching
L(6,P) = %Evapd [(VTSm(x, 6) —VTS, (x))2] (4.1)
where V~P, and x~P, are independent, Ep [VVT] is positive definite and
Ep |IVII5] < oo is finite.
* Reduction
To eliminate the dependence of L(8,P,) on S, L(0, P,) can be reduced to
L(6,P)=](6,P)+C (4.2)

2
where J(0,P,) = Ep Ep [VIV,S,,(x,0)V + % (VTSm(x, 9)) |, C is a constant.



Proof

Let € =~ Ep, Ep, [(VTS4(2))] (4.3)
Note ]
T
0log P;(x
~Ep, By V(0,055 V] = ~Ep, || Pd<x>stm<e,x>( ol )) Vdx
=0

— - - i
= Ep, [—VTSm(H,x)Pg(x)VJ_OO + fVTVxSm(x)Pg(x)de] (part by integration)

= Epy Epy [V VS (V] (4.4)

Substituting equations (4.3) and (4.4) into equatiom (4.1) yields equation (4.2).



1.4.3.6. Sampling Formula of Sliced Score

Let X{V = {X4, ..., xy} and Vll\{M = {Vl’f}lsisNJgng

Define Sampling Formula of J(8,P,,):

1 2
J(8,X¥N, v z Z ViV St O)Vyj + = (VIS ;. 6))
i—1 j=1 2

(4.5)



1.4.3.7. Estimator with Reduced Variance

Assume that V~N(0,I). Then, E, [VVT]| =1

Ep, |(VTSm (6, 0)°| = Ep,

= Ep,

:Tr ((VTSm(x, 0))2)]

Tr (VS (x,0)Sp(x,0)7V )]

= Ep, [T7(Sm(x, 0)S, (x, 0)TVVT)]

= Tr(Spm(x,0)Sm(x, )T Ep [VVT])

= Tr(S,,,(x,0)S,,(x,0)T) = IS, (x, 0)||2

Substituting equation (4.6) into equation (4.2) yields

1
]vr(e; Pv) — EPvEPd VTVxSm(x; H)V + = ”Sm(x; 0)”%
2

(4.6)

(4.7)



N M
Tur(8, XN, VA1) = ——ZHZH [V?,-V Sm(x OV 45 ISm(x O3] (g

Computing Jacobian-vector products is scalable

VIV, splx)v = TV [vTss(x)):

One Backprop!
Shiced Score Matching

t scalable
vV (vTag(x)]
Seeg. Do Ohi. Crvdsr. "Eamd s ey & TR
Ppirialh = Ll il Sars sl T LA TITHE li||_-'._-|._' |_||i|.|_||._:'|'

song et al. 2019, Sliced Score Matching: A Scalable Approach to Density and Score Estimation



1.4.3.8. Algorithm for Sliced Score Matching

Step 1: Input P,,,(.; 0),x,V
Step 2: $,(x;0) « V,logP,,(x,0)
Step 3: VIV, S, (x,0) « V (VTS,,(x,0))

2
Step 4: J « > (VS (x,0))" (0  [1Sm(x, 0)113)
Step 5: J « J+ VTV, S, (x,0)V

Step 6: Output ]



1.4.3.9. Consistency of Estimator

« Data Distribution Pg(x)

 Model Distribution P,,(x, 0)

P, (x,0%) = Py(x) J6,Py) =0 6=20

e Let aN_M — 0

Oy m = argmin (0, XN, V)
0
* Then, for a fixed M, under some regular conditions

*

Onm— 07, N — o



1.4.3.10. Asymptotic Normality

Under some assumptions, we have

VNOym — 6%) g N(0,X)

where

> =(V3j(6*) (Zlqjsp Vij) (ng(g*)_l



Parkinsons RedWine WhiteWine
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Figure 1: SM loss after training DKEF models on UCI datasets with different loss functions; lower is better. Results for
approximate backprapogation are not shown because losses were larger than 10°.

Test SM Loss Test LL

- 1 — ssmar .

8" /. —— SSM MLE -579 791
D ,,  — DsMm SSM-VR -8054  -3355
£° )/ 1 SSM 2428 2039
g, I i DSM (o = 0.10) 3035 -4363
-”E" R DSM (0 = 1.74) -97 -8082
S, / CP -1694 -1517
A 1 Approx BP -48 -2288

0 AICNEN o N O BN BN BN %] BN BN BN BN BN Em D
A bimenclan Table 1: Score matching losses and log-likelihoods for

Data Dimension
NICE models on MNIST. o = 0.1 is by grid search and

Flgun? % S.M perf_nrmam_:e degrades linearly w1t}.1 the o = 1.74 is from the heuristic of Saremi et al. (2018).
data dimension, while efficient approaches have relatively

similar nerformance.



1.4.3.11. Challenges of score-based generative modeling

 Data are located in low dimensional manifold, not in the entire database,
Including high dimensional ambient space.

* Since the score V., log P;,:4(x) may be taken in the ambient space, it is
undefined when x is only located in a low dimensional manifold.

« Score matching algorithm provides a consistent score estimator only
when the support of the data distribution is in the entire space.

« We then produce samples using Langevin dynamics, which approximately works

by gradually moving a random initial sample to high density regions along the
(estimated) vector field of scores

Son and Ermon, 2020. Generative Modeling by Estimating Gradients of the Data Distribution



Adding Noise to Data for Well-Defined Scores

« Scores can be undefined when
* The support of data distribution is on a low-dimensional manifold
* The data distribution is discrete

« Solution: adding noise

Unstable! 64646 Stable!
< ‘ ‘ 6.66+6—
2 .
% Leae 3 68016
2049 7o {
349 : {.2ci6
0 10k 20k 30k 40k 50k 0 10k 20k 30k 40k 50k
# of erations # of lterations
Data unperturbed Data perturbed with A/ (0; 0.0001)

Stanford University
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ELC sampres 8 Langevin dynamics Sa"_‘Ples 8 Annealed Langevin dynamics samples
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1.4.3.12. Denoising score matching
Step 1:

To avoid computing cost of Tr(V,.S,,(x, 8)), we first perturb the data x with

a pre-specified noise distribution g, (X|x).

Step 2.

Then, employ score matching to estimate the score of the perturbed data distribution

0o (®) = f 0o (F1%) Pagta () dx
Step 3.

The equivalent objective is given by
1 . . 2
> Eas(®00Paata) IS5 G0 — Yz log g, (2101

Note that V¢ log q(X) = Vg[log g5 (%|x) + log Pygra (x)] = Vi log g4 (X[x)



Step 4:
The optimal score network minimizes the above objective functions satisfies
So+(x) = Vylogqs(x) = Vy1og Pygrq(x)

when the noise is small such that

QJ(x) ~ Pdata(x)



1.1.d samples 8 Langevin dynamics samples 8 Annealed Langevin dynamics samples

8
6 afgr | e R | 6 R
% B g e 3t
4 4 &k 4 I
2 2 2
0 0 0
2 2 2
-4 -4 35 -4
&z
6 6| "R 5
8 -8 8
-5 0 5 -5 0 5 -5 0 5
(a) (b) (c)

Built upon this intuition, we propose to improve score-based generative

modeling by

« 1) perturbing the data using various levels of noise; and

« 2) simultaneously estimating scores corresponding to all noise levels by
training a single conditional score network.



1.4.3.13. Generative Model by Score Matching

Network Architecture

Contracting path

input
image

Expansive path faRros e o

output

tile

X > segmentation
2l 2l 3 8 map
4

= conv 3x3, RelLU
= copy and crop
¥ max pool 2x2
4 up-conv 2x2
= CONV 1x1

Ronneberger et al. 2015. U-Net Convolutional Networks for Biomedical Image Segmentation



* Noise Conditional Score Network Sy(x, o)
Define

. 91 O0p-1
(o}, — ==

02 oL g —>
x — NN So(x,0)

4o (D) = f Paata CON (% |x, 021)dx

* Objective Function Vilogqg,(X|x) = —

]

X —X

Se(f, O') + 0_2

1
l(@, O-) = EEPdata(x)Ef"’N(x»O'Z) [

1 L
106, (o} ,) = ZZizla(aiﬂ(e, D

So(%,0) = Vzlogq,(x),A(0;) = 0?



1.4.3.14. Stochastic Gradient and Langevin MCMC

(Algorithm 1)
Step 1: Solve

n 2
1=

Step 2:

Similar to stochastic gradient algorithrryc,iﬂwe use Langevin MCMC to get a
sample for each P (x) sequentially

x™=x""1 + gV, log Pal.(xl?"_l) + \/2¢;z]"
= x"1 + S (a1, 0;) + /22", m =1,...,M, & > 0,z is standard normal.
Step 3: Repeatfori = N,N — 1, ..., 1, with xy~N(x|0,0241), x = x¥ fori <N

As M — o and g > 0, for all i, x}? becomes an exact sample from Py . = Pioiq ().



1.4.3.15. Stochastic Gradient and Langevin MCMC

(Algorithm 2)
 Input {o;}i_,,&T

« Step 1 Initialize %,

« Step 2 For i < 1toLdo
Oj
a; < 80_—5
» Step 3fort«1toT dO
Draw z,~N (0, 1)
%« X1+ 5 Sp(Rem1, 00) + iz,
end for
Xo < X
end for
* Step 4 Return ¥
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Model Inception  FID
CIFAR-10 Unconditional

PixelCNN [48] 4.60 65.93

PixelIQN [36] 5.29 49.46

EBM [10] 6.02 40.58

DCGAN [37] 6.40 37.11 s {rec o ol M
WGAN-GP [15] 6.50 36.4 & S ‘““f“a
EBM (ensemble) [10] 6.78 38.2 - ﬁ ﬁ “5 ‘5 5
MoLM [38] 7.90 18.9 s :
SNGAN [31] 8.22 21.7

NCSN (Ours) 8.91 25.32

CIFAR-10 Conditional

Improved GAN [41] 8.09 -

EBM [10] 8.30 37.9

SNGAN [31] 8.59 25.5

BigGAN [4] 9.22 14.73

Figure 4: Intermediate samples of annealed
Table 1: Inception and FID scores for CIFAR-10  Langevin dynamics.
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